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We relate the forward two-photon exchange (TPE) amplitudes to integrals of the
inclusive lepton-proton scattering cross sections. These relations yield an alternative
way for the evaluation of the TPE correction to hyperfine-splitting (HFS) in the
hydrogen-like atoms with an equivalent to the standard approach (Iddings, Drell and
Sullivan) result implying the Burkhardt-Cottingham sum rule. For evaluation of the
individual effects (e.g., elastic contribution) our approach yields a distinct result.
We compare both methods numerically on examples of the elastic contribution and
the full TPE correction to HFS in electronic and muonic hydrogen.
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2I. INTRODUCTION
The two-photon exchange (TPE) corrections could be responsible for the discrepancy in
the ratio of the proton electric to magnetic form factors between the traditional Rosenbluth
separation [1] and the polarization transfer [2] methods, cf. [3, 4] and [5, 6] for reviews.
These corrections introduce the largest hadronic uncertainty in the elastic electron-proton
scattering experiments and should be precisely accounted for in analysis of the modern data.
Dedicated experiments to measure the TPE correction from the ratio of the elastic electron-
proton to positron-proton scattering cross sections, where TPE enters with different signs,
have recently been carried out at VEPP-3 (Novosibirsk) [7], OLYMPUS (DESY) [8], and
CLAS (JLab) [9]. These measurements show evidence of a significant TPE effect.
The TPE correction also play a prominent role in evaluation of the proton structure
(finite-size) contributions to the spectrum of hydrogen (H) and muonic hydrogen (µH). The
uncertainty of TPE is the dominant uncertainty in the precise spectroscopy measurements
with the muonic hydrogen. These corrections received a renewed attention in light of the so-
called proton radius puzzle, the discrepancy in the extracted proton charge radius from the
muonic hydrogen Lamb shift [10, 11] and measurements with electrons [12–14], see [11, 15]
for recent reviews. One of the recent achievements in this field is the measurement of the
2S hyperfine splitting (HFS) in muonic hydrogen by the CREMA Collaboration at PSI [11].
Also a high-precision measurement of 1S HFS in muonic hydrogen with an unprecendented
ppm accuracy level is planned by this [16, 17] and other collaborations [18, 19]. Such accurate
measurements will strictly constrain the elastic and inelastic proton structure.
To evaluate the contribution from the diagrams with two exchanged photons to atomic
spectrum one notices that the lower part of the TPE graph, see Fig. 1, corresponds with
the process of forward doubly virtual Compton scattering (VVCS). The latter in the for-
ward kinematics can be expressed through dispersion relations (DRs) in terms of the proton
structure functions (SFs) measured in elastic and inelastic electron-proton (ep) scattering.
The forward TPE is thus evaluated, performing the Wick rotation, as an integral over the
photon energy, νγ, and virtuality, Q
2 > 0. For the Lamb shift correction evaluation [20–25]
the subtraction function is needed in addition. However, the latter can be estimated at
low virtualities from the chiral perturbation theory [26–28] or non-relativistic quantum elec-
trodynamics (NRQED) [29] and at high virtualities from the operator product expansion
[30]. This function, in principle, can also be determined with account of the high-energy SFs
data [31–33]. The leading in the electromagnetic coupling constant TPE effects of the proton
structure in HFS can be entirely expressed in terms of SFs exploiting the formalism of the
projection operators on the singlet and triplet states [34–43]. For recent numerical evalua-
tions of the TPE correction to HFS see Refs. [41–43], for the model-independent evaluation
within the frameworks of NRQED and ChPT exploiting the hydrogen HFS measurement
see Ref. [44] and for results in chiral EFT see Ref. [45].
In this work we provide a different way to express the forward TPE contributions in
terms of the proton SFs. We are working on the level of the forward lepton-proton scattering
amplitudes and account for the forward double spin-flip amplitude (i.e., the one where the
helicities of both lepton and proton are flipped) for the first time. The method we are
using to derive these relations is akin to deriving sum rules for Compton or light-by-light
scattering [46, 47]. For the scattering of two charged particles the derivation changes quite
a bit. The crossing relates the amplitude of the particle scattering with the amplitude of
the antiparticle scattering [48, 49]. Nevertheless, for the TPE amplitudes we exploit the
3crossing in one channel due to the charge independence of the TPE contributions. In this
way our dispersion relations (DRs) for the elastic lepton-proton scattering do not involve
the crossed channels, and hence are different from generic DRs for charged particles, such
as the DRs for the nucleon-nucleon scattering [48–50]. Advantageously, the method based
on DRs for lp amplitudes [51–53] does not require one to evaluate the poles contributions
arising after the Wick rotation for amplitudes above the threshold.
We express the TPE corrections to the Lamb shift and HFS of S energy levels through the
forward TPE amplitudes at threshold. With DRs for the lepton-proton amplitudes we are
not able to express the correction to the Lamb shift through the experimental information,
but the correction to the hyperfine splitting is entirely expressed through the proton spin
SFs. The resulting HFS correction agrees with the standard approach of Iddings, Drell and
Sullivan et al. [35–40] only after account for the Burkhardt-Cottingham (BC) sum rule [54].
However, the contribution of each individual channel to the TPE correction in this work
differs from the literature result, which can be also obtained exploiting the DRs for the
VVCS amplitudes. Afterwards, we compare the proton state and total TPE correction to
HFS in H and µH exploiting the DRs for the lepton-proton amplitudes and for the VVCS
amplitudes. We connect the region with small photons virtualities in HFS integrand that
we express in terms of moments of the spin SFs to the region with large photons virtualities,
where the two methods give the same integrands.
The paper is organized as follows. We write down DRs for the forward elastic lp scattering
TPE amplitudes in terms of the inclusive lp cross sections at leading α order in Sec. II and
verify them in QED in App. B. We relate the inclusive lp cross sections and the forward
TPE amplitudes to proton SFs in Sec. III. Subsequently, we derive the leading in the
electromagnetic coupling constant proton structure corrections to S energy levels coming
from TPE and compare the unitarity-based method with the standard approach in Sec. IV.
The numerical comparison of the proton and inelastic intermediate states TPE contributions
to HFS within two methods is given in Sec. V. We give our conclusions in Sec. VI. We also
provide the derivation of the TPE correction to HFS using the forward Compton scattering
tensor in App. D. In App. E we classify all possible elastic scattering polarization observables
in the forward kinematics.
FIG. 1: Two-photon exchange graph.
4II. FORWARD LEPTON-PROTON SCATTERING
The forward elastic lp scattering is described by three [55] non-vanishing independent
helicity amplitudes Th′λ′hλ, with h (h
′) and λ (λ′) the helicities of the inital (final) lepton
and proton, see Fig. 1 for the notations of kinematics and helicities:
T++++, T+−+−, T−−++, (1)
which are functions of the lepton energy ω in the lab frame. We denote the positive helicity
as + and the negative helicity as −. The contribution with exchange of a fixed number of
photons to the following three amplitudes has definite even-odd properties with respect to
the crossing ω → −ω:
f± (ω) = 12
(
T++++ ± T+−+−
)
, (2a)
g (ω) = 12T−−++. (2b)
The Lorentz structure of the forward amplitude is then given by
Th′λ′,hλ (ω) =
f+ (ω)
4mM
u¯(k, h′)u(k, h) N¯(p, λ′)N(p, λ)
− mf− (ω) + ωg (ω)
8M~k2
u¯(k, h′)γµνu(k, h) N¯(p, λ′)γµνN(p, λ)
+
ωf− (ω) +mg (ω)
4M~k2
u¯(k, h′)γµγ5u(k, h) N¯(p, λ′)γµγ5N(p, λ), (3)
with m and u the lepton mass and spinor, ~k the lepton momentum in the lab frame, M and
N the proton mass and spinor, γµν = 1
2
[γµ, γν ], where γµ are the Dirac matrices, the spinors
are normalized as
u¯(k, h′)u(k, h) = 2mδh′,h, N¯(p, λ′)N(p, λ) = 2Mδλ′,λ. (4)
In order to establish the even-odd properties for the invariant amplitudes under ω → −ω,
we first perform the crossing on the lepton line and relate amplitudes of the lepton-proton
scattering f l
−p(ω) in the physical region (ω > 0) to amplitudes of the antilepton-proton
scattering f l
+p(−ω) in the unphysical region (ω < 0):
f l
+p
+ (ω) = f
l−p
+ (−ω) , (5)
f l
+p
− (ω) = −f l
−p
− (−ω) , (6)
gl
+p (ω) = gl
−p (−ω) , (7)
where ω is treated as a complex variable, see Appendix A for details of this derivation. The
perturbative contributions with odd number of photons connected to the lepton (antilepton)
line have different sign in the amplitudes of the lepton-proton and antilepton-proton scatter-
ing as compared to the contributions with an even number of photons, which have the same
sign. We express the scattering amplitudes in terms of the contributions with even f (2n)γ (ω)
and odd f (2n−1)γ (ω) number of photons connected to both lepton and proton lines, e.g.:
f l
±p
− =
∞∑
n=1
(
f
(2n)γ
− ± f (2n−1)γ−
)
, (8)
5and obtain the following crossing relations for the contribution of graphs with n exchanged
photons on the real ω axis:
fnγ+ (ω) = (−1)n (fnγ+ (−ω))∗ , (9)
fnγ− (ω) = − (−1)n (fnγ− (−ω))∗ , (10)
gnγ (ω) = (−1)n (gnγ (−ω))∗ . (11)
As usual, the optical theorem establishes the relations between the imaginary parts of
the forward amplitudes and the total inclusive cross sections of lp collisions:
=f± (ω) = M |~k| (σ++ (ω)± σ+− (ω)) , (12)
=g (ω) = 2M |~k| (σ‖ (ω)− σ⊥ (ω)) , (13)
where σhλ is the inclusive cross section with the incoming lepton helicity h and the incoming
proton helicity λ; σ⊥ (σ‖) is the inclusive cross section with lepton and proton polarized
transversely and perpendicular (parallel) to each other. 1
The elastic (proton) contribution to the inclusive cross section is infrared divergent. This
divergence should be subtracted in a proper way in all three amplitudes. We realize this
subtraction only for the case of amplitudes at threshold in Section IV.
We express the latter cross sections in terms of the proton SFs up to the order α2 in
Section III and obtain the imaginary parts of the TPE amplitudes at the leading α order
with Eqs. (12-13).
FIG. 2: Complex plane of the ω variable.
Assuming analyticity of these amplitudes in the entire complex ω-plane, except for the
branch cuts along the real axis extending from threshold to infinity, see Fig. 2, we can write
1 The TPE correction from the inelastic intermediate states was related to the unpolarized photoabsorption
cross section in Ref. [56].
6down the standard DRs:
<
{
f± (ω)
g(ω)
}
=
1
pi
 −m 
−∞
+
∞ 
m
 dω′
ω′ − ω=
{
f±(ω′)
g(ω′)
}
, (14)
where
ffl
stands for the principal-value integration. Using properties of the TPE amplitudes
under the crossing ω → −ω, see Eqs. (9-11), and assuming the sufficient high-energy
behavior of the TPE amplitudes in order to neglect the contribution of the contour at
infinity in the Cauchy integral formula, we write down DRs valid at the leading α order and
thereby account for both direct and crossed graphs:
<f 2γ+ (ω) =
4M
pi
∞ 
m
ω′|~k′|σ (ω′)
ω′2 − ω2 dω
′, (15)
<f 2γ− (ω) =
2Mω
pi
∞ 
m
|~k′| (σ++ (ω′)− σ+− (ω′))
ω′2 − ω2 dω
′, (16)
<g2γ (ω) = 4M
pi
∞ 
m
ω′|~k′| (σ‖ (ω′)− σ⊥ (ω′))
ω′2 − ω2 dω
′, (17)
with the lepton momentum in the lab frame |~k′| = √ω′2 −m2. These DRs are written for
amplitudes in one channel contrary to the DRs for the forward proton-proton scattering [48].
The high-energy behavior of the total unpolarized inclusive cross section does not allow
to neglect the contribution of the contour at infinity and to write down Eq. (15). One
should perform a subtraction in the DR for the amplitude f 2γ+ , e.g., at the point ωs:
2
<f 2γ+ (ω)−<f 2γ+ (ωs) =
4M (ω2 − ω2s)
pi
∞ 
m
ω′|~k′|σ (ω′)
(ω′2 − ω2) (ω′2 − ω2s)
dω′. (18)
The lepton-proton DRs were checked at the leading QED order, see Appendix B for details.
However, the Regge behavior makes the inclusive cross section σ divergent due to the virtual
photons with high energy in the lab frame. Consequently the DRs of Eqs. (15) and (18)
cannot be written for the inelastic TPE contribution to the unpolarized amplitude f+.
The DRs of Eqs. (16-18) have the same form as the DRs for the light-by-light scattering
[47].
We decompose the forward scattering amplitudes into a sum of one-photon exchange
(OPE) and TPE contributions. The TPE amplitudes, except for <f 2γ+ , are obtained with
DRs and unitarity relations as described above. The OPE amplitudes are real and given by
f 1γ− = e
2µP , (19)
g1γ = 0, (20)
2 In the language of effective field theories this subtraction corresponds to the counter term, which was
studied in context of the atomic physics and muon-proton scattering in Ref. [57].
7with the proton magnetic moment µP ≈ 2.793. The vacuum polarization correction is zero
in the forward scattering. The lepton vertex correction does not change the amplitude g,
modifies the amplitude f− by the lepton anomalous magnetic moment al: δf− = ale2 and
contributes to the amplitude f+. The proton vertex correction with the proton intermediate
state contributes to f− and f+ amplitudes [58]. The contribution of inelastic intermediate
states is expected to be small. However, this correction requires an additional theoretical
investigation. Therefore, the forward amplitudes are completely expressed in terms of the
total inclusive cross sections, see Eqs. (12, 13, 16, 17), at O(α2) up to the one unknown
spin-independent amplitude <f+.
III. RELATION OF THE FORWARD TWO-PHOTON AMPLITUDES TO THE
PROTON STRUCTURE
In this Section, we first express the total inclusive cross sections in terms of the experi-
mentally measured proton SFs. Exploiting these relations, we express the real parts of the
forward TPE amplitudes as integrals over the photon energy νγ in the lab frame and photon
virtuality Q2.
A common way to express the differential inelastic e−p scattering cross section in terms of
the proton structure assumes the exchange of one photon. The cross section is given by the
contraction of the leptonic tensor Lµν and the hadronic tensor W µν [59]. It is proportional
to the phase space of the final lepton (with 4-momentum k′ =
(
ω′, ~k′
)
in the lab frame) and
given by
dσ =
e4
4M
√
ω2 −m2
d3~k′
(2pi)32ω′
(4pi)LµνWµν , (21)
with the unit of electric charge e. The kinematics are traditionally described by the kine-
matical Bjorken variable xBj, the variable y related to the energy transferred by the virtual
photon relative to the beam energy and the momentum transfer Q2:
xBj =
Q2
2(p · q) , y =
(p · q)
(p · k) =
Q2
2xBjMω
, Q2 = −q2 = −(k − k′)2. (22)
The leptonic tensor is evaluated in QED. It is given by
Lµν = 2
(
kµk′ν + k′µkν + (m2 − (k · k′))gµν − imεµνρσqρsσ
)
, (23)
where sµ is the lepton spin vector: sµsµ = −1, (s · k) = 0. The general Lorentz and
gauge-invariant structure of the hadronic tensor W µν which preserves parity and charge
conjugation invariance is given by
Wµν =
(
−gµν + qµqν
q2
)
F1
(
νγ, Q
2
)
+
1
(p · q)
(
pµ − p · q
q2
qµ
)(
pν − p · q
q2
qν
)
F2
(
νγ, Q
2
)
+ iεµναβ
Mqα
(p · q)
[
Sβg1
(
νγ, Q
2
)
+
(
Sβ − (S · q)
(p · q) p
β
)
g2
(
νγ, Q
2
)]
, (24)
with the virtual photon energy in the laboratory frame νγ = (p · q) /M and the proton SFs
F1 (νγ, Q
2) , F2 (νγ, Q
2) , g1 (νγ, Q
2) , g2 (νγ, Q
2), which are extracted from the experimental
data. The proton spin 4-vector satisfies: S2 = −1, (S · p) = 0.
8The total unpolarized cross section is given by
d2σ
dνγdQ2
=
piα2
(Q2)2
2
ω2 −m2
(
Q2 − 2m2
M
F1
(
νγ, Q
2
)
+
(
2ω2
νγ
− 2ω − Q
2
2νγ
)
F2
(
νγ, Q
2
))
.
(25)
This expression reduces to the well-known expression [59] in the massless limit.
Consider a scattering of longitudinally polarized leptons on the proton polarized in the
lepton momentum direction σhλ = σ+− and the scattering on the proton polarized in the
opposite direction σhλ = σ++ with the proton (lepton) spin vector in the laboratory frame
Sµ = (0,−λ~ˆk) (sµ = (|~k|, ω~ˆk)/m) and ~ˆk = ~k/|~k|. For the cross sections difference we obtain:
d2σ++ − d2σ+−
dνγdQ2
=
4piα2
νγMQ2
ω
ω2 −m2
{
− Q
2
νγω
g2
(
νγ, Q
2
)
+
(
2− Q
2
2(ω2 −m2)
(
1 +
2νγm
2
Q2ω
)(
1 +
2νγω
Q2
))
g1
(
νγ, Q
2
)}
.(26)
This expression reduces to the known expression [59], [60] in the massless limit.
Consider the scattering of transversely polarized leptons on transversely polarized pro-
tons. Denoting the averaged over the azimuthal angle cross section σ⊥ (σ‖) for scattering
with perpendicular (parallel) spin vectors of lepton (sµ = (0, cosφl, sinφl, 0)) and proton
(Sµ = (0, cosφp, sinφp, 0)),
3 i. e. φl − φp = ±pi/2 (φl − φp = 0) for the perpendicular
(parallel) configuration, we obtain:
d2σ⊥ − d2σ‖
dνγdQ2
=
2pimα2
νγMQ2
1
ω2 −m2
{
2g2
(
νγ, Q
2
)
+
(
1 +
ωνγ
ω2 −m2
(
1 +
m2νγ
ωQ2
+
Q2
4νγω
))
g1
(
νγ, Q
2
)}
. (27)
Consequently, a measurement of the inclusive e−p cross sections accesses the proton spin
SFs g1 and g2.
The elastic scattering cross sections l−p→ l−p are obtained by substitution of the inelastic
SFs in Eqs. (25-27) by the elastic contribution to them:
F1
(
xBj, Q
2
) → 1
2
G2M
(
Q2
)
δ (1− xBj) , (28)
F2
(
xBj, Q
2
) → G2E (Q2) + τPG2M (Q2)
1 + τP
δ (1− xBj) , (29)
g1
(
xBj, Q
2
) → 1
2
FD
(
Q2
)
GM
(
Q2
)
δ (1− xBj) , (30)
g2
(
xBj, Q
2
) → −1
2
τPFP
(
Q2
)
GM
(
Q2
)
δ (1− xBj) , (31)
3 The nontrivial relation σ⊥ = σ holds for the lepton-proton scattering. We have obtained this relation in
the OPE approximation of Eq. (21) and have proved it by the direct cross sections evaluation for the case
of elastic scattering and exploiting the symmetry properties of the helicity amplitudes for the scattering
to arbitrary channel lp→ lX.
9where FD(Q
2), FP (Q
2), GE(Q
2), GM(Q
2) are the Dirac, Pauli, Sachs electric and magnetic
proton form factors and τP = Q
2/(4M2), following by the integration over the virtual photon
energy.
Substituting the expressions for the inclusive cross sections of Eqs. (25-27) into the DRs,
see Eqs. (16-17), changing the integration order, as detailed in Appendix C, and expressing
the spin-dependent forward TPE amplitudes in terms of the proton SFs, we obtain:
<g2γ (ω) = 4mα
2
~k2
∞ˆ
0
dQ2
Q2
∞ˆ
νthr
dνγ
νγ{
2
(ω0 − |~k0|)νγ +m2(τl + τ˜)
|~k0|
g1
(
νγ, Q
2
)
+
m2(τl + τ˜) + ~k
2
|~k| g1
(
νγ, Q
2
)
ln
|~k| − |~k0|
|~k|+ |~k0|
+ 2g2
(
νγ, Q
2
)
ln
|~k| − |~k0|
|~k|+ |~k0|
+
ωνγ
|~k| g1
(
νγ, Q
2
)
ln
(
ω + |~k|
)2
(ω20 − ω2)(
ω|~k0|+ |~k|ω0
)2
 , (32)
<f 2γ− (ω) =
8ωα2
~k2
∞ˆ
0
dQ2
Q2
∞ˆ
νthr
dνγ
νγ{
2
(ω0 − |~k0|)νγ +m2(τl + τ˜)
|~k0|
g1
(
νγ, Q
2
)
+
m2(τl + τ˜)− ~k2
|~k| g1
(
νγ, Q
2
)
ln
|~k| − |~k0|
|~k|+ |~k0|
+
Q2|~k|
2ωνγ
g2
(
νγ, Q
2
)
ln
(
ω + |~k|
)2
(ω20 − ω2)(
ω|~k0|+ |~k|ω0
)2
+
(ω2 +m2)νγ
2ω|~k| g1
(
νγ, Q
2
)
ln
(
ω + |~k|
)2
(ω20 − ω2)(
ω|~k0|+ |~k|ω0
)2
 , (33)
where we have introduced the notations:
|~k| =
√
ω2 −m2, |~k0| =
√
ω20 −m2, (34)
ω0 = m
(√
τlτ˜ +
√
1 + τl
√
1 + τ˜
)
, (35)
τl =
Q2
4m2
, τ˜ =
ν2γ
Q2
. (36)
In Eqs. (33, 32) the elastic threshold νthr and the inelastic threshold ν
inel
thr are given by
νthr = 0 and ν
inel
thr = mpi + (m
2
pi +Q
2) / (2M) respectively, where mpi denotes the pion mass.
10
The leading TPE correction to the atomic energy levels is given by the values of the
amplitudes at threshold ω = m. The TPE amplitudes f 2γ− , g
2γ at threshold can then be
expressed in terms of the proton spin SFs as
f 2γ− (m) =
16α2
3
∞ˆ
0
dQ2
Q2
∞ˆ
νthr
dνγ
νγ
[2 + ρ (τl) ρ (τ˜)] g1 (νγ, Q
2)− 3ρ (τl) ρ (τ˜) g2 (νγ, Q2) /τ˜√
τ˜
√
1 + τl +
√
τl
√
1 + τ˜
,
(37)
g2γ (m) = −16α
2
3
∞ˆ
0
dQ2
Q2
∞ˆ
νthr
dνγ
νγ
[2 + ρ (τl) ρ (τ˜)] g1 (νγ, Q
2) + 3g2 (νγ, Q
2)√
τ˜
√
1 + τl +
√
τl
√
1 + τ˜
, (38)
with
ρ(τ) = τ −
√
τ(1 + τ). (39)
Evaluating the sum of the spin-dependent lepton-proton TPE amplitudes in the DR
approach, see Eqs. (37) and (38), we obtain:
g2γ(m) + f 2γ− (m) = 64α
2Mm
∞ˆ
0
dQ2
Q4
ρ (τl)
1ˆ
0
dxBjg2
(
xBj, Q
2
)
= 0, (40)
which is a trivial relation due to the Burkhardt-Cottingham (BC) sum rule [54]:
1ˆ
0
dxBjg2
(
xBj, Q
2
)
= 0. (41)
IV. LAMB SHIFT AND HYPERFINE SPLITTING (HFS)
In this Section, we express the TPE correction to S energy levels in the hydrogen-like
atom in terms of the forward TPE amplitudes at threshold and compare our result with the
standard approach.
In the lp center-of-mass (c.m.) reference frame the TPE forward scattering amplitude
T 2γ is expressed in terms of the forward amplitudes f 2γ+ , f
2γ
− , g
2γ as
T 2γ(ω) = f 2γ+ (ω) + 4g
2γ (ω) s · S + 4(f 2γ− (ω) + g2γ (ω) ) s · ~ˆkS · ~ˆp, (42)
with s (S) and ~ˆk (~ˆp) the lepton (proton) spin and momentum direction vectors. This
decomposition often arises in the analysis of the non-relativistic forward neutron-proton
scattering, see e.g. [50].
It is then easy to see that, considering T 2γ as correction to the Coulomb potential, its
effect on the nS-state energy level is given by
∆EnS = −|ψnS (0) |
2
4Mm
f 2γ+ (m) , (43)
11
with |ψnS(0)|2 = α3m3r/(pin3) - the non-relativistic squared wave function of the hydrogen
atom, where mr = Mm/(M + m) is the reduced mass of the lepton and proton bound
state. Using the DR for f 2γ+ with only the elastic part of the unpolarized cross section and
subtracting the accounted TPE contribution in the hydrogen wave functions, as well as the
OPE finite-size correction, we reproduce the non-relativistic limit of the TPE contribution:
∆EnS = −8m
4
rα
5
pin3
∞ˆ
0
dQ2
Q5
(
G2E(Q
2)− 2G′E(0)Q2 − 1
)
. (44)
This correction yields the third Zemach moment [45].
The TPE contribution to the nS-level HFS δEHFSnS is expressed in terms of the relative
correction ∆HFS and the leading order nS-level HFS E
HFS,0
nS (Fermi energy) as
4
δEHFSnS = ∆HFSE
HFS,0
nS , (45)
EHFS,0nS =
8
3
m3rα
4
Mm
µP
n3
. (46)
Considering the spin part of T 2γ as correction to the Hamiltonian of the lepton-proton
spin-spin interaction, we express the leading TPE proton structure correction to the S-level
HFS in terms of the amplitudes f 2γ− , g
2γ at threshold (ω = m):
µP e
2∆HFS = −g2γ (m) + 1
2
f 2γ− (m) . (47)
The TPE correction to the S-level HFS ∆0 of Refs. [35–44], which was derived from
the difference between the spin-averaged forward matrix elements in the singlet and triplet
states with a subsequent loop integration, can be also obtained adding g2γ(m) + f 2γ− (m) = 0
to Eq. (47):
µP e
2∆0 =
3
2
f 2γ− (m) . (48)
Consequently, we have verified the TPE correction to HFS of S energy levels: ∆0 = ∆HFS.
The HFS correction of Refs. [35–43] can be reproduced performing the loop integration for
the amplitudes g2γ(m) and f 2γ− (m) expressions in terms of the forward Compton scattering
as a lower part of the TPE graph, see Appendix D for details.
In the following, we study the difference in the individual channel contribution to HFS
correction between the traditional HFS expressions and the DR approach based on the uni-
tarity and analyticity of the forward lepton-proton scattering amplitudes. Such a difference
between the direct box graph evaluation and unsubtracted dispersion relation result was
studied in Refs. [52, 53, 62] in the case of the TPE correction to the non-forward elastic
lepton-proton scattering.
Traditionally, the TPE correction to HFS is expressed by a sum of the proton state
contribution ∆el0 and the polarizability correction ∆
pol
0 :
∆0 = ∆
el
0 + ∆
pol
0 . (49)
4 Note the absence of the muon anomalous magnetic moment in Eq. (46) [61].
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The proton intermediate state TPE correction to HFS ∆el0 is expressed as a sum of the
Zemach correction ∆Z with subtraction of the TPE contribution, which is already accounted
for in the hydrogen wave functions, and the recoil correction ∆pR:
∆el0 = ∆Z + ∆
p
R, (50)
∆Z =
8αmr
piµP
∞ˆ
0
dQ
Q2
(
GM
(
Q2
)
GE
(
Q2
)− µP ) , (51)
∆pR =
α
piµP
∞ˆ
0
dQ2
Q2
{
[2 + ρ (τl) ρ (τP )]FD (Q
2) + 3ρ (τl) ρ (τP )FP (Q
2)√
τP
√
1 + τl +
√
τl
√
1 + τP
− 4mr
Q
GE
(
Q2
)}
×GM
(
Q2
)− α
piµP
m
M
∞ˆ
0
dQ
Q
β1(τl)F
2
P
(
Q2
)
, (52)
with β1(τ) = −3τ + 2τ 2 + 2(2− τ)
√
τ(1 + τ) [42]. The substitution of the photon-proton-
proton vertex in the TPE box graph by the on-shell vertex with the Dirac and Pauli couplings
[4, 35, 36], which reproduces the proton state contribution to the VVCS tensor, with a sub-
sequent loop integration, leads to the correction ∆el0 , while the result based on the dispersion
relations for the VVCS tensor ∆p0 is given by
∆p0 = ∆
el
0 + ∆
F2P , (53)
which differs from ∆el0 by the non-pole contribution ∆
F2P :
∆F
2
P =
α
piµP
m
M
∞ˆ
0
dQ
Q
β1(τl)F
2
P
(
Q2
)
. (54)
This correction comes from the proton non-pole term in the spin-dependent forward double
virtual Compton scattering tensor, see Appendix D for a description of the VVCS tensor,
and should not contribute to the resulting TPE correction as the non-pole terms are not
reproduced by the dispersion relations [43].
We express the elastic TPE contribution to the S-level HFS ∆elHFS in the lepton-proton
amplitudes DR framework with subtraction of the TPE contribution, which is already ac-
counted for in the hydrogen wave functions, in terms of the proton electric and magnetic
form factors as
∆elHFS =
α
piµP
∞ˆ
0
dQ2
Q2
{
2GE (Q
2) + ρ (τl) ρ (τP )GM (Q
2)√
τP
√
1 + τl +
√
τl
√
1 + τP
GM
(
Q2
)− 4µPmr
Q
}
. (55)
We reproduce the Zemach correction [34] as the non-relativistic limit of the elastic TPE
correction ∆elHFS. In our approach, the non-pole term of Eq. (54) does not appear. The
difference between the proton state contribution in the box graph model with an on-shell
vertex [4, 35, 36] ∆p0 and within dispersion relation approach ∆
el
HFS, see Eqs. (50-54) and
Eq. (55), ∆p0 −∆elHFS is given by the elastic contribution to the amplitude g2γ(m) + f 2γ− (m).
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Traditionally, the polarizability correction ∆pol0 is given by [42, 43]
∆pol0 =
2α
piµP
∞ˆ
0
dQ2
Q2
∞ˆ
νinelthr
dνγ
νγ
[2 + ρ (τl) ρ (τ˜)] g1 (νγ, Q
2)− 3ρ (τl) ρ (τ˜) g2 (νγ, Q2) /τ˜√
τ˜
√
1 + τl +
√
τl
√
1 + τ˜
+ ∆F
2
P .
(56)
The non-pole term ∆F
2
P allows one to expand the HFS integrand near Q2 = 0 in terms of the
proton spin polarizabilities [45] and to be consistent with the massless lepton limit of this
correction [43]. In order to avoid the non-pole contributions in the resulting TPE correction
to HFS, it was subtracted from the recoil correction in Refs. [42, 43], see Eq. (52).
We express the inelastic α5-correction to the S-level HFS in the lepton-proton amplitudes
DR approach in terms of the proton inelastic spin SFs g1 and g2 as
∆inelHFS =
2α
piµP
∞ˆ
0
dQ2
Q2
∞ˆ
νinelthr
dνγ
νγ
[2 + ρ (τl) ρ (τ˜)] g1 (νγ, Q
2) + [2− ρ (τl) ρ (τ˜) /τ˜ ] g2 (νγ, Q2)√
τ˜
√
1 + τl +
√
τl
√
1 + τ˜
.
(57)
The remaining difference in the inelastic correction ∆pol0 − ∆F2P − ∆inelHFS is given by the
contribution from the spin SF g2 to the amplitude g
2γ(m) + f 2γ− (m).
Consequently, the resulting TPE correction to HFS of S energy levels can be equivalently
expressed as
∆HFS = ∆
el
HFS + ∆
inel
HFS = ∆Z + ∆
p
R + ∆
pol
0 = ∆0. (58)
V. HFS CORRECTION IN BOTH APPROACHES
For the numerical evaluation of the TPE corrections to HFS from the proton intermediate
state and the ∆F
2
P part of the polarizability correction ∆pol0 we exploit the elastic form factor
parametrizations from Refs. [12, 13]. For the Zemach correction we make two evaluations
for the 1-σ band curves coming from the elastic proton form factor uncertainties of Refs.
[12, 13], where a global analysis of the electron-proton scattering data with account of TPE
corrections for Q2 < 10 GeV2 was performed, and estimate the uncertainty as a half of a
difference between these two curves. For the numerical evaluation of the inelastic correction
we exploit the spin SFs data parametrization from Refs. [63–65] in the region of large Q2.
In the region of low Q2, we expand the Q2-integrand from the proton spin SFs in terms of
small xBj and account for the leading non-vanishing moments:
∆pol0 →
α
2pi
ˆ
0
dQ2
ρ (τl) (ρ (τl)− 4)
µPMmτl
I1
(
Q2
)
+
α
8pi
ˆ
0
dQ2
(9− 2ρ (τl)) ρ (τl)2
µPMmτl
I
(3)
1
(
Q2
)
− 3α
2pi
ˆ
0
dQ2
1 + 2ρ (τl)
µPMm
I
(3)
2
(
Q2
)
, (59)
∆inelHFS → ∆pol0 −
2α
pi
ˆ
0
dQ2
ρ (τl)
µPMmτl
I2
(
Q2
)
, (60)
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with the moments of the proton spin SFs:
I1
(
Q2
)
=
2M2
Q2
xinelthrˆ
0
g1
(
xBj, Q
2
)
dxBj, I1(0) = −(µP − 1)
2
4
, (61)
I2
(
Q2
)
=
2M2
Q2
xinelthrˆ
0
g2
(
xBj, Q
2
)
dxBj =
1
4
FP
(
Q2
)
GM
(
Q2
)
, (62)
I
(3)
1
(
Q2
)
=
8M4
Q4
xinelthrˆ
0
x2Bjg1
(
xBj, Q
2
)
dxBj −→
Q2→0
Q2M2
2α
γ0, (63)
I
(3)
2
(
Q2
)
=
8M4
Q4
xinelthrˆ
0
x2Bjg2
(
xBj, Q
2
)
dxBj −→
Q2→0
Q2M2
2α
(δLT − γ0) , (64)
with xinelthr = Q
2/(2Mν inelthr ) and the low-energy constants values [66–71]:
δLT = (1.34± 0.17)× 10−4 fm4, (65)
γ0 = (−1.01± 0.13)× 10−4 fm4, (66)
I ′1 (0) = (7.6± 2.5) GeV−2. (67)
In Fig. 3 we show the integrand IHFS(Q) entering the TPE correction:
∆HFS =
∞ˆ
0
IHFS(Q)dQ, (68)
in the case of eH and µH. The low-Q behavior based on the moments of the proton spin
SFs of Eqs. (61, 62-64) ILEHFS and the high-Q behavior based on the data I
d
HFS are almost
independent of the way to evaluate the TPE correction (for Q > 0.5 GeV the two methods
agree within 2.5%). While in the region 0.2 GeV . Q . 0.5 GeV the HFS evaluation with
the DRs for the lepton-proton amplitudes (∆HFS = ∆
el
HFS + ∆
inel
HFS) and the traditional HFS
evaluation (∆HFS = ∆0 = ∆
el
0 + ∆
pol
0 ) slightly differ. New data in this kinematical region
will be very useful for such evaluation. In order to avoid any model dependence, we connect
the two model-independent regions by the function of the Fermi-Dirac distribution type:
IHFS(Q) = I
LE
HFS (Q) Θ (QLE −Q) + IdHFS (Q) Θ (Q−Qd) +
c1I
LE
HFS (Q) + c2f (Q) I
d
HFS (Q)
1 + f (Q)
Θ (Q−QLE) Θ (Qd −Q) , (69)
with f(Q) given by
f (Q) = e
2Q−QLE−Qd
2a0 . (70)
Furthermore, QLE = 0.2 GeV, Qd = 0.5 GeV, a0 = 0.1 GeV, and the constants
c1, c2, QLE, a0 were chosen as those that preserve the regularity and smoothness of the
integrand IHFS(Q).
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FIG. 3: Q-dependence of the integrand IHFS (Q) entering the TPE correction to HFS. A comparison
is given for the integrands based on the DRs for the lp amplitudes and based on the forward double
virtual Compton scattering (VVCS) amplitudes. Upper panel: electronic hydrogen, lower panel:
muonic hydrogen.
In the low-Q region, we make two evaluations for the 1-σ bands of the elastic proton
form factors from Refs. [12, 13]. We add the combined uncertainty from γ0, δLT , I
′
1 (0)
linearly to the form factors uncertainty. For the larger Q > (0.013 − 0.017) GeV, we make
evaluation for the central values of the proton elastic form factors and add the uncertainty
of the proton elastic form factors to the uncertainties from γ0, δLT , I
′
1 (0) in quadrature.
The boundary Q value is chosen as the value that leads to the same uncertainties in the
proton intermediate state HFS contribution in both ways of the error estimate described in
this paragraph. For the larger Q > 0.5 GeV region, we add the uncertainty of the proton
spin structure function parametrization in quadrature to the uncertainties coming from the
proton elastic form factors. We connect the high-Q integrands Id by two curves to the
1-σ boundaries in the low-Q region ILE. We estimate the uncertainty from the difference
between the integral of Eq. (68) for these two curves, which are shown in Fig. 4 for eH (µH),
and take the averaged central value. In the region Q2 > 10 GeV2, the sizable contribution
comes only from the µP term in Eqs. (50-55) and does not introduce any sizable additional
uncertainty.
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FIG. 4: HFS integrand IHFS (Q) in the evaluation by the DRs for lp amplitudes with error bands.
Upper panel: electronic hydrogen, lower panel: muonic hydrogen.
We evaluate the proton TPE correction to HFS in the DR approach either for the forward
double virtual Compton scattering (TPE correction of Refs. [42, 43]) or for the lepton-
proton amplitudes. Also we present results for the Zemach correction, the recoil correction
and the ∆F
2
P contribution in Table I. The evaluation of the resulting TPE correction is
performed for the sum of elastic and inelastic contributions using the traditional expressions
and the expressions based on the DRs for lp amplitudes. The latter leads to twice smaller
uncertainties. However, the two evaluations agree within errors, which is a good test of
the proton spin structure function g2 parametrization for such calculation. The leading
Zemach correction is a bit smaller than the result based on the typical proton form factors
parametrization in Ref. [42] due to the enhanced low-Q2 behavior of the magnetic proton
form factor measured by the A1 Collaboration at MAMI [12, 13].
17
106∆, eH 103∆, µH
Zemach, ∆Z −39.59(75) −7.36(14)
Non-pole term, ∆F
2
P 22.53(7) 1.11(1)
Recoil, ∆pR 5.31(7) 0.8476(84)
Traditional elastic, ∆el0 −34.29(75) −6.51(14)
Total elastic, ∆elHFS −43.40(74) −7.03(14)
Total ∆HFS, within VVCS DRs −32.60(2.56) −6.18(49)
Total ∆HFS within lp DRs −32.80(1.56) −6.22(29)
TABLE I: Finite-size TPE correction to the hyperfine splitting of S energy levels in eH and µH.
The Fermi energy HFS is 5.86785 µeV for the 1S level in eH and 182.4432 meV for the 1S level in
µH.
VI. CONCLUSIONS AND OUTLOOK
In this work we have derived dispersion relations for the forward lepton-proton scattering
TPE amplitudes. We have fully expressed the spin-dependent TPE amplitudes in terms of
the inclusive total cross sections at the leading α order or equivalently in terms of the proton
spin SFs. With these relations we have found a new way to determine the O(α5) TPE proton
structure correction to the S-level HFS in the hydrogen-like atoms explicitly accounting for
the helicity double spin-flip amplitude. The result for individual channel HFS contribution
based on the unitarity and analyticity of the lepton-proton scattering amplitudes is distinct
to the standard approach, e.g., the elastic TPE contribution to HFS differs by the finite-
sizable correction. Only accounting for contributions from all possible channels through
the Burkard-Cottingham sum rule the two methods agree. We have reevaluated the TPE
correction to HFS in electronic and muonic hydrogen connecting the region with small
photons virtualities, which is expressed through the first and third moments of the proton
spin SFs, to the region with large photons virtualities, where the data (parametrizations)
on the proton form factors and SFs exists. The resulting TPE correction is similar to
the literature result with slightly larger uncertainties in the standard approach to HFS
and slightly smaller uncertainties within our approach. In a subsequent paper, we plan to
decrease the errors of the TPE correction to HFS in the muonic hydrogen.
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Appendix A: Crossing in lepton-proton scattering
In order to establish the even-odd properties for the invariant amplitudes under the
crossing ω → −ω, we first perform the crossing on the lepton line and relate the amplitudes
of the lepton-proton scattering f l
−p(ω) in the physical region (ω > 0) to the amplitudes of
the antilepton-proton scattering f l
+p(−ω) in the unphysical region (ω < 0). We write the
general form of the amplitude as
Th′λ′,hλ (ω) =
3∑
i=1
Ai (ω) u¯(k, h
′)Oiu(k, h)N¯(p, λ′)OiN(p, λ), (A1)
with O = (1, γµν , γµγ5). We observe that after the replacement in the lepton line k → −k,
the amplitude transforms to
T ch′λ′,hλ (ω) =
3∑
i=1
Ai (−ω) u¯(−k,−h′)Oiu(−k,−h)N¯(p, λ′)OiN(p, λ). (A2)
We can rewrite the lepton spinor u in terms of the antilepton spinor v as u (−k,−h) =
γ2v∗ (k, h), where we exploit the same form u for the antilepton spinor as only particles or
antiparticles participate in interaction. The expression for the helicity amplitude is given by
T ch′λ′,hλ (ω) =
3∑
i=1
Ai (−ω) vT (k, h′) γ+2 γ0Oiγ2v∗ (k, h) N¯(p, λ′)OiN(p, λ). (A3)
Transposing the lepton line we obtain:
T ch′λ′,hλ (ω) =
3∑
i=1
Ai (−ω) v¯ (k, h) γ0
(
γ+2 γ0Oiγ2
)T
v (k, h′) N¯(p, λ′)OiN(p, λ). (A4)
The tensor structure of Eq. (3) transforms to
T ch′λ′,hλ (ω) = −
f+ (−ω)
4Mm
v¯ (k, h) v (k, h′) N¯(p, λ′)N(p, λ)
− mf− (−ω)− ωg (−ω)
8M~k2
v¯ (k, h) γµνv (k, h′) N¯(p, λ′)γµνN(p, λ)
− −ωf− (−ω) +mg (−ω)
4M~k2
v¯ (k, h) γµγ5v (k, h
′) N¯(p, λ′)γµγ5N(p, λ), (A5)
which corresponds to the scattering of the antilepton off the proton.
According to the crossing properties we can write amplitudes for the scattering of the
antilepton f l
+p in terms of the lepton scattering amplitudes f l
−p as
f l
+p
+ (ω) = f
l−p
+ (−ω) , (A6)
f l
+p
− (ω) = −f l
−p
− (−ω) , (A7)
gl
+p (ω) = gl
−p (−ω) . (A8)
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Appendix B: Dispersion relations verification in QED
In this Appendix, we verify the lepton-proton forward dispersion relations in QED. We
reconstruct the real parts of the TPE amplitudes with the relations of Eqs. (16-18) and
compare them with the sum of the direct and crossed box graphs. The OPE helicity am-
plitude T 1γh′λ′hλ for the lepton scattering off the charged point proton: l(k, h) + p(p, λ) →
l(k′, h′) + p(p′, λ′), where h(h′) denote the incoming (outgoing) lepton helicities and λ(λ′)
the corresponding proton helicities respectively, see Fig. 5, is given by
T 1γh′λ′hλ =
e2
Q2 + µ2
u¯(k′, h′)γµu(k, h)N¯(p′, λ′)γµN(p, λ). (B1)
We introduce the finite photon mass µ with the aim to have no deal with IR divergences.
Such process is completely described by 2 Mandelstam variables, e.g., Q2 = −(k− k′)2 - the
squared momentum transfer, and s = (p + k)2 = M2 + 2Mω + m2 - the squared energy in
the lepton-proton c.m. reference frame.
FIG. 5: One-photon exchange graph.
The relevant OPE cross sections are given by
σ1γ(ω) =
4piM2α2
Σs
{
Σs
2M2s
+
(
s
M2
+
4ω2
µ2
+
µ2
2M2
)
Σs
Σs + sµ2
−s+ µ
2
M2
ln
Σs + sµ
2
sµ2
}
, (B2)
σ1γ++(ω)− σ1γ+−(ω) =
16piMα2
Σ2s
{(
ωΣs + 2µ
2(m2 +Mω)(ω +M)
)
ln
Σs + sµ
2
sµ2
−Σs (Σs(2ωs−M (ω
2 −m2)) + 2s(m2 +Mω)(ω +M)µ2)
s(Σs + sµ2)
}
,(B3)
σ1γ⊥ (ω)− σ1γ‖ (ω) =
4piα2Mm
Σ2s
{
2sµ2Σs
Σs + sµ2
+
(
Σs − 2sµ2
)
ln
Σs + sµ
2
sµ2
}
, (B4)
with Σs = (s− (M +m)2) (s− (M −m)2) = 4M2~k2. The high-energy behavior of the
relevant cross sections in the OPE approximation is as follows:
σ1γ(ω) ∼
ω
ω0, σ1γ++(ω)− σ1γ+−(ω) ∼
ω
ω−1 lnω, σ1γ⊥ (ω)− σ1γ‖ (ω) ∼ω ω
−2 lnω. (B5)
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The unsubtracted DR for the amplitude f 2γ+ of Eq. (15) is divergent as ω, therefore we use
the subtracted DR of Eq. (18) for this amplitude.
The helicity amplitude corresponding with the TPE direct box graph T 2γh′λ′hλ is given by
T 2γh′λ′hλ =
ˆ
e4d4q
(2pi)4i
u¯(k, h′)γµ(γ.(k − q) +m)γνu(k, h)N¯(p, λ′)γµ(γ.(p+ q) +M)γνN(p, λ)
((p+ q)2 −M2) ((k − q)2 −m2) (q2 − µ2) (q2 − µ2) ,
(B6)
with γ.a ≡ γµaµ. We find the contribution of the direct box graph to the forward amplitudes
f 2γ,dir+ , f
2γ,dir
− with exchange of two photons (see Fig. 1) multiplying the fermion spinors by
the spin projection operators. Then we sum over all possible polarizations evaluating traces
of the Dirac matrices. The direct amplitudes f 2γ,dir+ , f
2γ,dir
− are given by
f 2γ,dir+ = −8e4
∂
∂µ2
ˆ
id4q
(2pi)4
1
(p+ q)2 −M2
1
(k − q)2 −m2
1
q2 − µ2
× (2M2ν2γ − q2Mνγ − (p · q) (2Mνγ +m2 + (k · q))+ (k · q) (2Mνγ +M2)) , (B7)
f 2γ,dir− = 8e
4 ∂
∂µ2
ˆ
id4q
(2pi)4
M
(p+ q)2 −M2
m
(k − q)2 −m2
1
q2 − µ2
(
q2 (s · S)− (q · s) (q · S)) ,
(B8)
with the lepton and proton spin vectors in the laboratory frame s = (|~k|, 0, 0, ω)/m and
S = (0, 0, 0,−1). For the double spin-flip amplitude g2γ,dir we use the decomposition in
terms of the scalar integrals, since the evaluation of traces cannot be exploited here due to
the different spin directions of the initial and final fermions. Furthermore, we repeat the
same steps for the crossed box graph contribution.
The optical theorem of Eqs. (12) and (13), the once-subtracted DR for f 2γ+ amplitude of
Eq. (18), the unsubtracted DRs for f 2γ− , g
2γ amplitudes of Eqs. (16, 17) and the amplitudes
properties under the crossing ω → −ω of Eqs. (9-11) were checked comparing with the sum
of the direct and crossed box graphs.
Appendix C: Forward invariant amplitudes in terms of the proton structure
functions
Substituting expressions for the inclusive cross sections of Eqs. (25-27) into DRs, see
Eqs. (15-17), we change the integration order and express the forward TPE amplitudes in
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terms of the proton SFs:
<f 2γ+ (ω) = 4α2M
∞ˆ
0
dQ2
Q2
∞ˆ
νthr
dνγ
νγ
{
4m2νγ
MQ2
(1− 2τl) I01F1
(
νγ, Q
2
)
+
(
I01 +
4mνγ
Q2
I02 −
I03
τl
)
F2
(
νγ, Q
2
)}
, (C1)
<f 2γ− (ω) = 16α2ω
∞ˆ
0
dQ2
Q2
∞ˆ
νthr
dνγ
νγ
{(
−I01 + (τl + τ˜) I11 +
νγ
m
(
I00
2
+ I10
))
g1
(
νγ, Q
2
)
+
Q2
2mνγ
I00g2
(
νγ, Q
2
)}
, (C2)
<g2γ (ω) = 8α2m
∞ˆ
0
dQ2
Q2
∞ˆ
νthr
dνγ
νγ
{(
I01 + (τl + τ˜) I
1
1 +
νγ
m
(
I00 + I
1
0
))
g1
(
νγ, Q
2
)
+2I01g2
(
νγ, Q
2
)}
, (C3)
with the DR master integrals (we introduce the cut-off Λ in the divergent integrals):
I00 =
∞ˆ
ω0
−m
ω′2 − ω2
dω′√
ω′2 −m2 =
m
2|~k|ω ln
ω + |~k|
ω − |~k|
ω|~k0| − |~k|ω0
ω|~k0|+ |~k|ω0
, (C4)
I01 =
∞ˆ
ω0
−ω′
ω′2 − ω2
dω′√
ω′2 −m2 =
1
2|~k| ln
|~k| − |~k0|
|~k|+ |~k0|
, (C5)
I02 =
1
m
Λˆ
ω0
−ω′2
ω′2 − ω2
dω′√
ω′2 −m2 =
1
m
ln
2Λ
ω0 + |~k0|
+
ω
2m|~k| ln
ω + |~k|
ω − |~k|
ω|~k0| − |~k|ω0
ω|~k0|+ |~k|ω0
, (C6)
I03 =
1
m2
Λˆ
ω0
−ω′3
ω′2 − ω2
dω′√
ω′2 −m2 =
|~k0| − Λ
m2
+
ω2
2|~k|m2 ln
|~k| − |~k0|
|~k|+ |~k0|
, (C7)
I10 =
∞ˆ
ω0
−m3
ω′2 − ω2
dω′
(ω′2 −m2)3/2
=
ω0m
|~k0|~k2
− m
~k2
+
m3
2|~k|3ω ln
ω + |~k|
ω − |~k|
ω|~k0| − |~k|ω0
ω|~k0|+ |~k|ω0
, (C8)
I11 =
∞ˆ
ω0
−m2ω′
ω′2 − ω2
dω′
(ω′2 −m2)3/2
=
m2
~k2|~k0|
+
m2
2|~k|3 ln
|~k| − |~k0|
|~k|+ |~k0|
. (C9)
The reasonable result for the nucleon or narrow ∆ contribution, when we are allowed to
interchange the ω and Q2, νγ integration order, is given by the once-subtracted dispersion
relation of Eq. (18). It can be formally obtained from the subtracted at the point ωs Eq.
22
(C1) by <f 2γ+ (ω)−<f 2γ+ (ωs):
<f 2γ+ (ω) − <f 2γ+ (m) =
4mα2
|~k|
×
∞ˆ
0
dQ2
Q2
∞ˆ
νthr
dνγ
νγ
(
νγ (1− 2τl)
2mτl
(
ln
|~k| − |~k0|
|~k|+ |~k0|
+
2|~k|
|~k0|
)
F1
(
νγ, Q
2
)
+
2Mνγ
mQ2
ω ln
(
ω + |~k|
)2
(ω20 − ω2)(
ω|~k0|+ |~k|ω0
)2 + 2(ω0 − |~k0|) |~k||~k0|
F2 (νγ, Q2)
−M
m
(
ω2 −m2τl
2m2τl
ln
|~k| − |~k0|
|~k|+ |~k0|
+
1− τl
τl
|~k|
|~k0|
)
F2
(
νγ, Q
2
))
. (C10)
The νγ integrals for the spin-dependent amplitudes of Eqs. (32) and (33) are convergent.
Due to the Regge behavior of the F1 proton structure function given by the Pomeron
exchange, the νγ integrals are divergent, and the DR for the amplitude f
2γ
+ is not applicable
for the inelastic intermediate states TPE contribution.
Appendix D: HFS through the forward double virtual Compton scattering
amplitudes
It is instructive to evaluate the HFS correction cutting only the lower blob of the TPE
graph [42, 43], see right panel in Fig. 6.
FIG. 6: Forward elastic lp scattering with cut of both fermion lines (left panel) and with cut of
the nucleon line only (right panel).
The forward TPE amplitude can be evaluated considering the lower blob of the TPE graph
in Fig. 1 as a forward VVCS process on a proton: γ∗ (q, λ1)+N (p, λ)→ γ∗ (q, λ2)+N (p, λ′),
which is shown in Fig. 7. The forward VVCS amplitude Tλ2λ′,λ1λ can be written in terms of
the forward VVCS tensor Mµν as
Tλ2λ′,λ1λ = εν (q, λ1) ε
∗
µ (q, λ2) · N¯ (p, λ′) (4piMµν)N (p, λ) , (D1)
where εν , ε
∗
µ denote the virtual photon polarization vectors, N, N¯ the proton spinors, and
λ1, λ2 (λ, λ
′) the photon (proton) helicities.
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FIG. 7: Forward VVCS process.
The forward VVCS tensor Mµν can be expressed as a sum of the symmetric (spin-
independent) MµνS and the antisymmetric (spin-dependent) M
µν
A parts:
Mµν = MµνS +M
µν
A , (D2)
MµνS =
(
−gµν + q
µqν
q2
)
T1(νγ, Q
2) +
1
M2
(
pµ − (p · q)
q2
qµ
)(
pν − (p · q)
q2
qν
)
T2(νγ, Q
2),
(D3)
MµνA =
1
2M2
[
M{γµν , γ.q}S1(νγ, Q2) +
(
[γµ, γν ]q2 + qµ[γν , γ.q] + qν [γ.q, γµ]
)
S2(νγ, Q
2)
]
,
(D4)
with the forward Compton amplitudes T1, T2, S1, S2, which are functions of νγ, Q
2 and
enter Eq. (D2) in a gauge-invariant way, e.g., qµM
µν = qνM
µν = 0. The optical theorem
relates the imaginary parts of the forward Compton amplitudes to the proton SFs by
=T1
(
νγ, Q
2
)
= piF1
(
νγ, Q
2
)
, =T2
(
νγ, Q
2
)
=
piM
νγ
F2
(
νγ, Q
2
)
, (D5)
=S1
(
νγ, Q
2
)
=
piM
νγ
g1
(
νγ, Q
2
)
, =S2
(
νγ, Q
2
)
=
piM2
ν2γ
g2
(
νγ, Q
2
)
. (D6)
The forward lepton-proton scattering TPE amplitude can be expressed in terms of the
forward VVCS amplitude Mµν as
T 2γh′λ′hλ (ω) = e
2
ˆ
id4q
(2pi)3
L˜µνh′hN¯(p, λ
′)MµνN(p, λ)
(q2)2
, (D7)
with the leptonic tensor L˜µνh′h:
L˜µνh′h = u¯ (k, h
′)
(
γµ
kˆ − qˆ +m
(k − q)2 −m2γ
ν + γν
kˆ + qˆ +m
(k + q)2 −m2γ
µ
)
u (k, h) . (D8)
The expression for the spin-independent forward TPE amplitude f 2γ+ is given by
f 2γ+ (ω) = −4e4
ˆ
id4q
(2pi)4
(k · q)2 (2T1 − T2) + q2 (m2T1 − ω2T2) + 2ωM (k · q) (p · q) T2(
q4 − 4 (k · q)2) (q2)2 .(D9)
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This result at threshold is in agreement with Ref. [25].
The expressions for the spin-dependent forward TPE amplitudes f 2γ− , g
2γ are given by
f 2γ− (ω) = −
8α
M3
ˆ
id4q
pi2
(
M2q2 + M
2(k·q)2+m2(p·q)2−2(k·p)(k·q)(p·q)
ω2−m2
)
(k · p) S1 +M2q2 (k · q) S2(
q4 − 4 (k · q)2) q2
−8α
M
ˆ
id4q
pi2
(k · q) (p · q) S1(
q4 − 4 (k · q)2) q2 , (D10)
g2γ (ω) =
4mα
M2
ˆ
id4q
pi2
(
M2q2 − M2(k·q)2+m2(p·q)2−2(k·p)(k·q)(p·q)
ω2−m2
)
S1 + 2q
2 (p · q) S2(
q4 − 4 (k · q)2) q2 . (D11)
Evaluating these expressions in the nucleon rest frame at threshold we obtain:
g2γ(m) = −f 2γ− (m) =
8m
M2
e4
ˆ
id4q
(2pi)4
q2νγS2 +M
2q2+ν2γ
3
S1(
q4 − 4 (k · q)2) q2 , (D12)
in agreement with Eq. (40) and the standard HFS derivation of Eq. (48) [35–40].
Exploiting DRs for the spin-dependent Compton amplitudes S1 and S2:
<S1
(
νγ, Q
2
)
=
∞ˆ
νthr
2Mg1
(
ν ′γ, Q
2
)
ν ′2γ − ν2γ − iε
dν ′γ, (D13)
<S2
(
νγ, Q
2
)
=
∞ˆ
νthr
2νγM
2g2
(
ν ′γ, Q
2
)
ν ′2γ
(
ν ′2γ − ν2γ − iε
)dν ′γ, (D14)
we obtain the same expression for the amplitude f 2γ− , see Eq. (37), as with the DRs for the
forward lp amplitudes. The difference in the amplitude g2γ, see Eq. (38), is given by the
ω-independent term, which is just the constant real part in g2γ amplitude. It vanishes with
account of the BC sum rule. However, if one uses the DR for the amplitude νγS2 [45], the
result for f 2γ− (m) coincides with the expression −g2γ(m).
The forward TPE amplitudes evaluated within the DR approach coincide with the am-
plitudes evaluated with a help of the DRs for the forward VVCS amplitudes. However, the
contribution of an individual TPE intermediate state differs in these two approaches.
Appendix E: Forward scattering observables
The forward unpolarized elastic scattering cross section in the c.m. reference frame is
given by
dσ
dΩ
(θ = 0) =
|f+(ω)|2 + |f−(ω)|2 + 2|g(ω)|2
64pi2(M2 + 2Mω +m2)
, (E1)
with the electron scattering angles Ω and the azimuthal angle θ.
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All possible single-spin asymmetries are zero for the scattering in the forward direction.
We denote the lepton spin asymmetry for the scattering on the polarized proton as A and for
the scattering on the unpolarized proton with the polarization transfer to the final proton as
P . The asymmetries for the longitudinally polarized lepton and the longitudinally polarized
proton in the forward scattering are expressed as
Al =
dσ+− − dσ−−
dσ+− + dσ−−
= −2 <
(
f+f
∗
−
)
+ |g|2
|f+|2 + |f−|2 + 2|g|2 , (E2)
Pl =
dσ+− − dσ−−
dσ+− + dσ−−
= −2 <
(
f+f
∗
−
)− |g|2
|f+|2 + |f−|2 + 2|g|2 . (E3)
The asymmetries for the transversely polarized lepton and the transversely polarized proton
in the forward scattering are expressed as
At =
dσ↑↑ − dσ↑↓
dσ↑↑ + dσ↑↓
= 2
< ((f+ + f−) g∗)
|f+|2 + |f−|2 + 2|g|2 , (E4)
Pt =
dσ↑↑ − dσ↑↓
dσ↑↑ + dσ↑↓
= 2
< ((f+ − f−) g∗)
|f+|2 + |f−|2 + 2|g|2 . (E5)
The asymmetries in the case of one transverse and one longitudinal polarizations vanish.
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